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ON THE MOD-p DISTRIBUTION OF DISCRIMINANTS OF G-EXTENSIONS
JOACHIM KO¨NIG
Abstract. This paper was motivated by a recent paper by Krumm and Pollack ([16]) inves-
tigating modulo-p behaviour of quadratic twists with rational points of a given hyperelliptic
curve, conditional on the abc-conjecture. We extend those results to twisted Galois covers
with arbitrary Galois groups. The main point of this generalization is to interpret those re-
sults as statements about the sets of specializations of a given Galois cover under restrictions
on the discriminant. In particular, we make a connection with existing heuristics about the
distribution of discriminants of Galois extensions such as the Malle conjecture: our results
show in a precise sense the non-existence of “local obstructions” to such heuristics, in many
cases essentially only under the assumption that G occurs as the Galois group of a Galois
cover defined over Q. This complements and generalizes a similar result in the direction of the
Malle conjecture by De`bes ([4]).
1. Introduction
1.1. Distribution of Galois extensions. Let G ≤ Sn be a finite transitive permutation group,
always assumed non-trivial in the following. By aG-extension ofQ, we mean a degree-n extension
whose Galois closure has group permutation-isomorphic to G. The distribution of discriminant
values of G-extensions of Q is one of the great mysteries of inverse Galois theory. In [19],
Malle presented a precise conjecture on the asymptotic number of G-extensions with a bounded
discriminant:
Conjecture 1.1 (Malle). Fix a finite group G and ǫ > 0. Let N (G,B) be the number of Galois
extensions of Q with discriminant of absolute value ≤ B. Then there exist constants c1(G) and
c2(G, ǫ) such that
c1(G)B
α(G) ≤ N (G,B) ≤ c2(G, ǫ)Bα(G)+ǫ,
for all sufficiently large B.
Here α(G) := (min16=g∈G ind(g))
−1, where the index ind(g) of a permutation g is defined as the
minimal number of transpositions in a product representing g.
The conjecture in this form is known in full for nilpotent groups in regular action ([9]), and
for some very small degree groups (e.g., [2], [3]), but wide-open in general.
We note here that the exponent α(G) is due to the fact that (tamely) ramified primes are
weighted differently by the discriminant, depending on the cycle structure of their inertia group
generator. This weighting is not always the ideal one for counting purposes, and in fact more
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general weightings were proposed e.g. in [6]. In the following, we will not distinguish between
different inertia groups, i.e., use a “trivial” weighting. This amounts to counting G-extensions
F/Q by their reduced discriminant δ(F/Q), which we define as the product of all ramified prime
numbers without exponents.1 Note that the reduced discriminant does not change upon taking
Galois closures, whence in the following we will consider Galois extensions (i.e., G in its regular
action) unless stated otherwise.
The analog of (the lower bound in) Malle’s conjecture for this situation (in fact, already
implied in Malle’s counting heuristics) then states that the number of G-extensions of reduced
discriminant at most B should be at least asymptotic to cB for some positive constant c.
This expectation is essentially based on two general heuristic assumptions, suggested by Malle
(see [20]) and later extended by, e.g., work of Bhargava: a) the assumption that all squarefree
positive integers (apart from trivially obstructed ones) should have a “positive probability” to
occur as reduced discriminants of G-extensions, and b) the additional assumption that any
cyclic subgroup of G should occur as inertia group at a prime p with positive probability (as
long as there is no trivial local obstruction at p), thereby accordingly increasing the expected
total number of G-extensions of a fixed discriminant value. To make these intuitive statements
concrete, consider as a toy example the group G = C3. Here, only primes ≡ 1 mod 3 (and 3
itself) can ramify in G-extensions, so squarefree integers divisible by any prime ≡ 2 mod 3 are
“trivially obstructed”. The group-theoretical reason is that the non-trivial conjugacy classes of
C3 are not Q-rational. On the other hand, this is really the only obstruction in this case, since
all squares of squarefree integers all of whose prime factors are congruent to 1 modulo 3 do occur
as discriminants of C3-extensions.
2 Integers with these restrictions on prime factors would still
form a density zero subset of all integers; however, integers with more than one prime factor
occur several times (according to the different possibilities of inertia conjugacy classes), bringing
the total count N (C3, B) to c ·B asymptotically.
More generally, given a group G and a non-trivial conjugacy class C of elements of order e,
the class C has a field of rationality K(C) ⊆ Q(ζe), meaning that only primes which split in
K(C)/Q can be tamely ramified with inertia group generator in C in any G-extension. We then
denote by P(G) the set of all primes which split completely in at least one field K(C) for a
non-identity conjugacy class of G.
While the assumption b) above is responsible for the concrete exponent in Malle’s conjecture,
part a) is interesting in its own right. Below, we present a) formally as a conjecture in general
form.
1There are also slightly different definitions of reduced discriminants. We use the above notion due to our
motivation, but note that our proof in Section 4 requires only that a prime p strictly divides (resp., does not
divide) δ if p is tamely ramified (resp., unramified) and that the exact exponent of p in δ is determined by the
completion of F/Q at p.
2Indeed, if n = p1 · · · pr with pi ≡ 1 mod 3 for all i = 1, . . . , r, then each cyclotomic extension Q(ζpi )/Q
contains a C3-subextension ramified only at pi. Their compositum has group Cr3 , and the fixed field of the
augmentation ideal is a C3-extension of Q ramified exactly at all the pi.
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Conjecture 1.2. Let G be a finite group, let NG be the set of all squarefree integers all of whose
prime factors either divide |G| or lie in P(G), and let S(G) be the set of all positive integers
which occur as the reduced discriminant of a G-extension. Then S(G) has positive density inside
NG.
As seen above, the somewhat delicate wording of Conjecture 1.2 is due to the presence of
certain local obstructions for values of reduced discriminants. Formally, given a prime p and
a residue class k mod p, we call k mod p a local obstruction for reduced discriminants of G-
extensions, if no G-extension F/Q has reduced discriminant congruent to k mod p. If p /∈ P(G)
and p 6 ||G|, then 0 mod p is a local obstruction as explained above; we call this case a trivial local
obstruction. In order to reach the density predicted by Conjecture 1.2, it is necessary (although
of course not sufficient) that there are not too many local obstructions. Indeed, the average
number of non-trivial local obstructions at a prime p ≤ N needs to converge to 0 for N → ∞,
since every local obstruction at p decreases the candidate set of reduced G-discriminants ≤ N
(with N sufficiently large) by a factor (1 − 1/p), and ∏p∈S(N)⊂{1,...,N}(1 − 1/p) → 0 for any
positive density subsets S(N) of {1, ..., N}.
In fact, it seems reasonable to conjecture:
Conjecture 1.3 (“Local Pre-Malle”). Let G be a finite group. Given any prime p, not in some
finite set S0 depending on G, and an integer k 6≡ 0 mod p, there exists a G-extension of Q whose
reduced discriminant δ fulfills δ ≡ k mod p. Furthermore, if p ∈ P(G), then the same holds for
the zero residue class.
In other words, there are only finitely many local obstructions for reduced discriminants of G-
extensions, apart from the trivial ones.
1.2. Outline of the paper. The main contribution of this paper is the observation that Con-
jecture 1.3 holds (conditionally on the abc-conjecture) for groups G which occur as regular Galois
groups over Q (Theorem 2.1 and Corollary 2.2), and even unconditionally under some further
light assumptions (Lemma 6.1). In other words, for such groups there are at least no local reasons
why the Malle-type conjectures on distribution of discriminants of G-extensions (as in Conjecture
1.2) should fail. In Section 3, we give some background on the connection of specializations and
twists of Galois covers, thereby re-interpreting our main results as existence results for rational
points on twisted covers, directly generalizing the main results in [16].
We also present several variants and strengthenings of our main results, e.g. a combination with
a previous counting result on specializations by De`bes (Theorem 5.2) and some considerations
on the set of exceptional primes in Section 7. Since the proofs of these variants share the
same fundamental ideas, these are presented step-by-step in Section 4, and then later adjusted
appropriately for the specific variants.
We also refer to Conjecture 5.5 in Section 5 for an analog in terms of mod-p distribution of
the usual, non-reduced, discriminant.
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2. Main result
One of our main goals is to essentially reduce Conjecture 1.3 to the regular inverse Galois
problem for G, i.e., to the question whether G occurs as the Galois group of a Q-regular Galois
extension of Q(T ). By a Q-regular G-extension, we mean a Galois extension E/Q(T ) with Galois
group G and with E ∩ Q = Q. If such an extension exists, we say that G is a regular Galois
group over Q.
Theorem 2.1. Let E/Q(T ) be a Q-regular G-extension. Then the following hold:
i) Assume that the abc-conjecture holds. Then there exists N0 ∈ N such that for every
prime p ≥ N0 and every k 6≡ 0 mod p, there are infinitely many specializations Et0/Q of
E/Q(T ) which have Galois group G and whose reduced discriminant is congruent to k
mod p.
More precisely, the set of all specializations Et0/Q with the above properties and with
discriminant of absolute value ≤ B is asymptotically of size at least Bα, for some positive
constant α depending only on E/Q(T ) (and not on p!).
ii) If in addition E/Q(T ) has at least one K(C)-rational branch point for each conjugacy
class C of G 3 and if N0 ≤ p ∈ P(G), then the same conclusion holds (unconditionally)
for k = 0.
The proof of Theorem 2.1 is contained in Section 4.
Corollary 2.2. Assume G occurs as the Galois group of a Q-regular Galois extension E/Q(T ),
and assume that E/Q(T ) has a K(C)-rational branch point for each conjugacy class C of G.
Then Conjecture 1.3 holds for G, conditional on the abc-conjecture. Furthermore, it suffices to
consider G-extensions of Q which arise as specializations of E/Q(T ).
Remark 2.3. a) Of course one point of Theorem 2.1 is to give a distribution result in the
direction of (but of course much weaker than) the Malle conjecture. In this regard, it
cannot yield new insights for groups for which these heuristics are known in full. E.g., for
abelian groups Malle’s conjecture is known to hold due to Wright ([26]), and indeed here
Conjecture 1.3 is trivial: namely, one easily reduces to finding cyclic extensions of order
n with reduced discriminant contained in a prescribed coprime residue class modulo p.
Now as soon as p is coprime to n, this is achieved via Dirichlet’s prime number theorem,
since for any q ≡ 1 mod n, the cyclotomic extension Q(ζq)/Q contains a Cn-subextension
ramified only at q.
However, Theorem 2.1 should also be viewed under the general question: how much
variety is contained in the set of all specializations of a given regular Galois extension?
Already Hilbert’s irreducibility theorem gave a partial answer to this question, ensuring
the existence of infinitely many specializations with the same Galois group. Recent
3Note that we do not require this branch point to actually have inertia group generator in class C. In particular,
the condition is automatically fulfilled if E/Q(T ) has a Q-rational branch point; however, the latter is not possible
for certain groups by the so-called branch cycle lemma, hence our more general condition.
ON THE MOD-p DISTRIBUTION OF DISCRIMINANTS OF G-EXTENSIONS 5
work by the author and others investigates the question whether the specialization set
of a single regular Galois extension can answer (the lower bound of) Malle’s conjecture
in full ([13]), or even contain all extensions of a prescribed Galois group ([12], [14]),
giving negative answers under weak assumptions in both cases. The above theorem
complements these negative global results with a positive result in the direction of the
local part of Malle’s conjecture.
b) The special case G = C2 in Theorem 2.1i) yields Krumm’s and Pollack’s result about
rational points on quadratic twists on hyperelliptic curves ([16, Theorem 2]), as explained
in Section 3. Compare also the earlier [15] for some even more special cases.
3. Preliminaries on twists and specializations
We explain briefly in what sense our results generalize previous results about quadratic twists
of hyperelliptic curves. Compare [4, Section 2] for the following.
Let f : X → P1 be a Galois cover defined over Q with Galois group G (for short: a Q-G-
cover) and with branch points t1, . . . , tr ∈ P1(Q). Given any t0 ∈ P1(Q) \ {t1, . . . , tr}, there is a
homomorphism ft0 : GQ → G (well-defined up to inner conjugation inG), called the specialization
representation of f at t0. In the same way, if E/Q(T ) denotes the function field extension of
the cover f , there is a specialization of E/Q(T ) at t0, defined as the residue field extension of
E/Q(T ) at a prime ideal P lying over 〈T − t0〉, and denoted by Et0/Q. As the extension E/Q(T )
is Galois, the field Et0 does not depend on the choice of P and the extension Et0/Q is finite and
Galois. Moreover, its Galois group is a subgroup of Gal(E/Q(T )), namely the decomposition
group of E/Q(T ) at P . The two notions of specializations are compatible in the sense that the
fixed field of the kernel of ft0 equals Et0 .
Given a Q-G-cover f : X → P1 and a homomorphism ϕ : GQ → G, there exists a (not
necessarily Galois) cover f˜ϕ : X˜ → P1 over Q, called the twisted cover (or just, the twist) of f
by ϕ with the following properties:
a) f˜ϕ becomes isomorphic to f after base change to the fixed field of the kernel of ϕ.
b) For any non-branch point t0 ∈ P1(Q), the specialization representation ft0 equals ϕ if
and only if f˜ϕ has a rational point extending t0.
The above translations allow to directly rephrase our main results in terms of distribution of
twists with rational points of a given Galois cover; e.g., Theorem 2.1i) becomes:
Theorem 2.1’:
Let f be a Q-G-cover. Assuming the abc-conjecture, there exists N0 ∈ N such that for every
prime p ≥ N0 and every k 6≡ 0 mod p, there are infinitely many epimorphisms ϕ : GQ → G such
that
a) (the fixed field of the kernel of) ϕ has reduced discriminant congruent to k modulo p,
b) the twisted cover f˜ϕ has a non-trivial rational point (i.e., a rational point not extending
a branch point).
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In particular, in the case G = C2, Q-G-covers f : X → P1 correspond one-to-one to hyperellip-
tic curve equations C : X2 = F (T ), with F ∈ Z[T ] squarefree, and homomorphisms ϕ : GQ → G
correspond one-to-one to squarefree integers d ∈ Z. The twisted cover of f by ϕ is then nothing
but the quadratic twist Cd : X2 = dF (T ). Asking whether the twist Cd has a non-trivial (i.e.,
unramified) rational point is therefore the same as asking whether the cover f specializes to the
quadratic extension Q(
√
d)/Q. This extension, in term, has reduced discriminant “essentially”
equal to d (possibly up to sign and/or a factor 2; see however footnote 1, asserting that instead
defining the reduced discriminant of Q(
√
d) to simply be d would not affect the proof in Section
4). The special case G = C2 of Theorem 2.1’ therefore becomes:
Theorem 3.1 ([16], Theorem 2). Let f ∈ Z[X ] be non-constant and separable. Conditional
on the abc-conjecture, for every sufficiently large prime p and every k 6≡ 0 mod p, there exist
infinitely squarefree d ∈ Z such that the hyperelliptic curve Y 2 = f(X) has a non-trivial rational
point.4
4. Proof of Theorem 2.1
We note that the novelty of Theorem 2.1 lies in assertion i). Assertion ii) is essentially known
and included in the statement only to complete the picture,
Several main ideas of the proof below are present in some form in the proof of the special
case G = C2 in [16]. The generalization requires some care though, e.g. regarding the existence
of “bad primes” for regular Galois extensions. The eventual goal is to reduce the problem
to squarefree values of a certain two-variable polynomial. Existence of such specializations is
known conditional on the abc-conjecture (first noted in the one-variable case by Granville in
[7]), of course under the trivially necessary condition that the polynomial has no fixed divisor
p2 (i.e., no prime value whose square divides all specialization values). Here we call an integer
d > 1 a fixed divisor of a polynomial f(X1, . . . , Xr) if d divides all values f(x1, . . . , xr) with
x1, . . . , xr ∈ Z. Note that the set of fixed divisors of f is always finite, which is obvious from
just considering a single non-zero specialization.
To prove Theorem 2.1i), let t1, ..., ts ∈ P1(Q) be a set of GQ-orbit representatives of the branch
points of E/Q(T ), and let fi ∈ Z[X,Y ] be the homogenized irreducible polynomial of ti over Z
(in particular, fi := Y for ti = ∞). Let F (X,Y ) =
∏s
i=1 fi, and note that F has no constant
integer factor, i.e., is of content 1. Then the following is well-known (compare e.g. [1, Prop. 4.2],
or [18, §2.2.3] for stronger statements):
Specialization inertia theorem:
There exists a finite set S0 of primes such that for all p /∈ S0 and for all t0 = (x0 : y0) ∈ P1(Q)
which are not branch points of E/Q(T ) (with (x0, y0) = 1), the following holds: If F (x0, y0) is
strictly divisible by p, then p is ramified in Et0/Q; and if F (x0, y0) is not divisible by p, then
Et0/Q is unramified at p.
4In fact, [16, Theorem 2] reaches this conclusion about integral points, a strengthening of interest in general,
although not as relevant in our Galois-theoretical setup.
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In order to control ramification in Et0/Q, we aim for values (x0 : y0) which make F (x0, y0)
squarefree.
First step: Eliminating fixed prime divisors
At first, we ensure that F itself has no fixed prime divisors (i.e., in particular no primes whose
square divides all values F (x0, y0)). This is of course not necessarily the case for the given F , but
can be guaranteed via a linear transformation in the variable T (and therefore may be assumed
without loss), as follows:
Lemma 4.1. Let F ∈ Z[X,Y ] be a homogeneous polynomial of degree n ∈ N, of content 1 and
without any repeated factors. Then there exists N0 ∈ N such that for all integers N divisible by
N0, the polynomial
F (X,NY )
content(F (X,NY )) ∈ Z[X,Y ] has no fixed prime divisor.
Proof. Let α be the coefficient of the leading X-term of F . Since F˜ (X,Y ) := F (X,αY )content(F (X,αY ))
has leading X-term either equal to Xn or Xn−1Y , we may as well assume without loss that F
itself has such leading X-term. It then suffices to iteratively use the following fact: If p is any
prime number, then F (X,pY )content(F (X,pY )) does not have p as a fixed prime divisor, and has no new
fixed prime divisor compared to F (X,Y ). Indeed, since y 7→ py is a bijection on Z/mZ for any m
coprime to p, this transformation cannot introduce new fixed divisors; and since F (X,pY )content(F (X,pY ))
is congruent to Xn or Xn−1Y modulo p, it clearly does not have p as a fixed divisor either. 
Use Lemma 4.1 to replace T by S := N0T ; with respect to this new parameter, the ramification
polynomial F (X,Y ) then gets replaced by F˜ (X,Y ) = F (X,N0Y )content(F (X,N0Y )) , which has no fixed prime
divisor. Up to such transformation, we may therefore assume that F (X,Y ) itself has no fixed
prime divisor.
With view to applications, we note here that if all branch points are finite and algebraic
integers, then F (1, 0) = 1, whence the manipulations of Lemma 4.1 are not necessary at all.
Second step: Controlling the “bad” primes
Next, in order to get full control over the discriminant of the specialization, we need to control the
behaviour inside the “exceptional set” S0 for the Specialization Inertia Theorem. To that end, let
N be the product of all primes in S0. Pick a finite non-branch point t1 =
a1
b1
with (a1, b1) = 1, such
that no prime in S0 divides F (a1, b1) (possible by Step 1 and the Chinese Remainder Theorem).
By Krasner’s lemma, for all values t0 of the form t0 =
a1+N
mx0
b1+Nmy0
with m sufficiently large and with
x0, y0 ∈ Z (i.e., t0 sufficiently N -adically close to t1), the specializations Et0/Q and Et1/Q then
have the same p-adic behaviour at all primes p ∈ S0. Let F̂ (X,Y ) = F (a1 +NmX, b1 +NmY ).
Specializing F̂ at integer values corresponds to specializing E at values t0 as above. Note that
F̂ (X,Y ) still does not have any fixed prime divisor, since, compared to F (X,Y ), its set of mod-p
values has not been restricted for any p /∈ S0, whereas no p ∈ S0 is a fixed prime divisor by
definition of t1.
Third step: Polynomial values in prescribed residue classes
Now we fix a prime p /∈ S0 and control the behaviour of F̂ (x0, y0) mod p. LetN ′ be the product of
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all primes in S0 which ramify under (one, and then by Krasner automatically all) specializations
T 7→ t0 = a1+Nmx0b1+Nmy0 as above. Given any non-zero residue class k mod p, we want to enforce
F̂ (x0, y0) ≡ k ·N ′−1 mod p. This is easily achieved, after possibly enlarging the exceptional set
S0, by using the Hasse-Weil bound. Indeed, multiplication with N
′ is a bijection on F×p , and
the maps x 7→ a1 + Nmx and y 7→ b1 + Nmy are bijections on Fp. It therefore suffices to show
that, for any k ∈ F×p , the curve given by F (X,Y ) − k = 0 has non-trivial Fp-points. Since F
is a squarefree homogeneous polynomial,5 this curve is easily seen to be absolutely irreducible 6
and of bounded genus (with the bound not depending on p or k). Up to possibly enlarging the
exceptional set S0, we may therefore assume that this curve has non-trivial Fp-points, yielding
the existence of x0, y0 ∈ Z with (x0, y0) = 1 such that F̂ (x0, y0) ≡ k · N ′−1 mod p. Recall also
that our definition of F̂ implies that F̂ (x0, y0) is coprime to N .
Fourth step: Squarefree specializations
Now we may use known criteria for squarefree specializations of F . Note that due to the above
restrictions modulo Nm and modulo p, we are in fact looking for integer specializations of the
polynomial F (a1 +N
m(pX + a), b1 +N
m(pY + b)) = F̂ (pX + a, pY + b), with suitable integers
a, b arising from the modulo-p requirements. In particular, all integer specializations of this
polynomial are coprime to N , since F (a1, b1) is. Also, this polynomial of course still has no fixed
prime divisor, since F̂ (X,Y ) did not and the modulo-p restriction of the specialization values
could only possibly introduce the fixed prime divisor p (which of course is not the case, since a
and b were such that F̂ (px+ a, py + b) ≡ k ·N ′−1 6= 0 mod p for all x, y ∈ Z).
In particular, from [24, Theorem 3.2] 7 we obtain that, conditional on the abc-conjecture, there
are infinitely many (x0, y0) ∈ Z2 such that F (a1+Nm(px0 + a), b1 +Nm(py0+ b)) is squarefree.
In fact, the set of such (x0, y0) has positive density in Z
2, assuming the right counting method
(for our purposes, it even suffices that, upon fixing one admissible value y0, the set of all x0
fulfilling the above has positive density in Z, which is the content of [7, Theorem 1]).
Pick any such x0, y0 and set t0 =
a1+N
m(px0+a)
b1+Nm(py0+b)
(with automatically coprime numerator and
denominator). Then the reduced discriminant δ of Et0/Q factors as δ = N
′ · |F (a1 +Nm(px0 +
a), b1+N
m(py0+b))|. Indeed, since the value F (a1+Nm(px0+a), b1+Nm(py0+b)) is squarefree
and not divisible by any prime in S0, the Specialization Inertia Theorem shows that the ramified
primes outside of S0 in Et0/Q are exactly the prime divisors of F (a1+N
m(px0+a), b1+N
m(py−
0+b)). But a and b were chosen such that F (a1+N
m(px0+a), b1+N
m(py0+b)) ≡ N ′−1 ·k mod
p. Since the density results show that the set of values t0 obtained in this way is not bounded
5To ensure that F remains squarefree modulo p, it suffices that no two branch points of E/Q(T ) coincide
modulo p. This could be obtained by increasing the set S0; but in fact, the primes modulo which two branch
points coincide are already contained in the set of exceptional primes for the Specialization Inertia Theorem.
6Indeed, this sort of equation is a Thue equation, which is absolutely irreducible unless F is a proper power,
see, e.g., [17, Thm. VI.9.1].
7That theorem has as a technical assumption that Y should occur in every irreducible factor of F , translating
to the requirement that T 7→ 0 should be unramified, which is however without loss up to an affine shift.
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from above, we may also choose them such that F (a1 +N
m(px0 + a), b1 + N
m(py0 + b)) > 0,
8
showing in total δ ≡ k mod p.
Last step: Counting G-extensions
It remains to ensure that among the specializationsEt0/Q obtained as above, there are sufficiently
many whose Galois group is the full group G. To see this, note that the admissible values t0 form
a set which, up to fractional linear transformation, has a subset of positive density inside some
arithmetic progression (even after e.g. fixing y0), i.e., positive density in the set of all integers.
On the other hand, the set of integer specializations of any Q-regular extension which do not
yield the full Galois group is of density 0 inside Z, by Hilbert’s irreducibility theorem. This shows
that “most” of the specializations Et0/Q above have group G. The fact that such a set (i.e.,
positive density inside Z, up to fractional linear transformation) of specialization values t0 yields
asymptotically at least Bα distinct extensions Et0/Q with discriminant of absolute value ≤ B
with some constant α > 0 has been used several times, e.g. in [4, Theorem 1.1] or [11, Theorem
4.2]. The constant α here depends only on the branch point number and ramification indices of
E/Q(T ), and in particular not on p.
Lastly, to find discriminants δ ≡ 0 mod p among the specializations of E/Q(T ) as in ii), it
suffices to use the above Specialization Inertia Theorem and the definition of K(C) (see also,
e.g., Remark 3.3(2) in [14]). The fact that the number of G-extensions among those is at least
of the given order of growth follows just as in the last step of part i), completing the proof.
5. Strengthenings of Theorem 2.1
We note a few strengthenings of Theorem 2.1i). Firstly, rather than considering only mod-p
residue classes, one may as well consider coprime residue classes modulo pm for any power pm.
This simply requires an additional Hensel lifting on the curve F (X,Y )− k = 0 in Step 3 (viewed
over the field Qp). Secondly, all considerations in the above proof remain true if instead of a
single prime p /∈ S0, one considers finitely many such primes p1, . . . , pr. This is simply due to the
fact that the modulo conditions arising in the above proof are compatible by Chinese remainder
theorem (note to this end that the modulo-N conditions are always the same, independently of
pi). One therefore immediately has the following stronger version of Theorem 2.1i).
Theorem 5.1. Assume the abc-conjecture.
Let E/Q(T ) be a Q-regular G-extension, and let A be an integer, not divisible by finitely many
primes depending only on E/Q(T ). Let S(E,A) denote the set of all G-extensions of Q which
are specializations of E/Q(T ) and which are unramified at all prime divisors of A. Let δ :
S(E,A) → (Z/AZ)× denote the mod-A reduction of the reduced discriminant map. Then δ is
surjective, conditional on the abc-conjecture.
We note furthermore that the conclusion of Theorem 2.1i) is similar in nature to the one in [4,
Theorem 1.1] in the sense that both count G-extensions with certain local restrictions, arising via
8Note here that F can be assumed to have positive leading X-coefficient without loss.
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specialization of a given regular extension, although the local conditions involved are different
ones. From the proofs of both theorems, it is not difficult to see that one can in fact combine
those conditions to obtain the following conclusion (conditional on abc):
Theorem 5.2. Assume the abc-conjecture.
Let E/Q(T ) be a Q-regular G-extension, and S1, S2 be two finite disjoint sets of sufficiently
large primes (with the implied lower bound depending on E/Q(T )). For each p ∈ S1, choose
a positive integer e(p), a coprime residue class k(p) mod pe(p); and for each p ∈ S2, choose a
conjugacy class C(p) of G.
Then, among the specializations of E/Q(T ), there exist infinitely many G-extensions F/Q (and
in fact, asymptotically at least Bα of discriminant ≤ B, where α > 0 is a constant depending
only on E/Q(T )) such that
i) the reduced discriminant of F/Q is congruent to k(p) modulo pe(p), for all p ∈ S1, and
ii) the Frobenius class at p in F/Q equals C(p), for all p ∈ S2.
If furthermore G is a perfect group, then the assertion holds even without the disjointness
assumption.
Proof. Property ii) for sufficiently large primes p is shown in [4]. Similarly as in the proof of
Theorem 2.1i), it crucially uses the existence of simple Fp-points on a certain curve Y: precisely,
let f : X → P1 be the Q-G-cover corresponding to E/Q(T ), let fp = f ⊗QQp be the base change
to Qp, and let ϕ : GQp → 〈x〉 be the unramified epimorphism mapping the Frobenius to x ∈ C(p).
Following the exposition in Section 3, the curve Y corresponds to (the mod-p reduction of) the
twisted cover f˜p
ϕ
: Y → P1. Simple Fp-points are then lifted to Qp-points with Q-rational image
t0 under f˜p
ϕ
, yielding full mod-p residue classes of specializations t0 such that Et0/Q fulfills
property ii) at the prime p. The fact that properties i) and ii) for several distinct primes are
compatible is then just a Chinese Remainder argument as in Theorem 5.1.
Assume now that G is perfect. Then it remains to show that, for any sufficiently large prime
p, Conditions i) and ii) may be imposed simultaneously. To this end, consider the curve C given
by F (X,Y )−k = 0 in Step 3 of the proof of Theorem 2.1. C comes with a solvable degree-d cover
C → P1, as is obvious from the homogenization F (X,Y )−kZd = 0 (where d := deg(F )). It then
suffices to show that this cover has some Fp-point at the same value t0(= (x0 : y0)) as the cover
Y → P1. Since the fiber product C ×P1 Y is of bounded genus independently of p, showing that
it is still absolutely irreducible will suffice to complete the proof, due to Hasse-Weil. The latter
holds if the corresponding two function field extensions of Fp(T ) are linearly disjoint even over
Fp. But one of them becomes Galois with group G over Fp(T ), whereas the other one becomes
cyclic of degree d. Since G is perfect, these are linearly disjoint, completing the proof. 
Remark 5.3. Note that the assumption “G perfect” cannot be dropped for the last assertion.
Indeed, let G = C2. Since for any squarefree d ∈ Z, the reduced discriminant δ of Q(
√
d) is one
of ±d or ±2d, conditions of type i) such as δ ≡ k mod p, and of type ii) such as
(
d
p
)
= 1 are in
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general not compatible (for the same prime p), e.g., as soon as k is a non-square mod p, whereas
−1 and 2 are squares.
We conclude this section by considering the “usual” (i.e., non-reduced) discriminant rather
than the reduced one. Statements in the direction of Theorem 2.1 have to be more intricate
when considering the non-reduced discriminant, since this depends on the precise inertia groups
and on the permutation action of the Galois group rather than just on the set of ramified primes.
We have the following analog of Theorem 5.1.
Theorem 5.4. Assume the abc-conjecture.
Let G ≤ Sn, let E/Q(T ) be a Q-regular G-extension, and let e := gcd{ind(σi) : i ∈ {1, ..., r}},
where σ1, . . . , σr are the inertia group generators at the branch points of E/Q(T ). Let A be an
integer, not divisible by finitely many primes depending only on E/Q(T ). Let S(E,A) denote the
set of all (degree-n) G-extensions of Q which arise via specialization of E/Q(T ) and which are
unramified at all prime divisors of A. Let ∆ : S(E,A) → (Z/AZ)× denote the mod-A reduction
of the discriminant map. Then the image of ∆ contains a non-empty union of full cosets of
((Z/AZ)×)e inside (Z/AZ)×. If furthermore, E/Q(T ) possesses a trivial specialization Et0 = Q,
then the image of ∆ contains ((Z/AZ)×)e.
Proof. First recall that the multiplicity of any tamely ramified prime p in a G-extension equals
the index ind(σ) of its inertia group generator σ. Indeed, the ramification indices ep at prime
ideals p extending p in that extension are exactly the orbit lengths of the inertia subgroup at p
(e.g., [21, Thm. I.9.1]), and the sum
∑
p|p(ep − 1) equals the exponent of p in the discriminant
by Dedekind’s Different Theorem, e.g., [23, Thm. III.2.6]. On the other hand, due to tame
ramification,
∑
p|p(ep − 1) is also exactly the index of an inertia group generator at p, since the
index of an ep-cycle is ep − 1.
Therefore, after a suitable modification of the definition of N ′ in Step 3,9 the only necessary
adaptations in the proof of Theorem 2.1 are the following: instead of considering the curve
F (X,Y ) − k = 0 over Fp, with the squarefree homogeneous polynomial F , one now should
consider the curve C : (
∏s
i=1 fi(X,Y )
νi) − k = 0, where F = ∏si=1 fi is a factorization into
irreducible homogeneous polynomials and νi = ind(σi) is the index of an inertia group generator
corresponding to fi. Obviously, this curve cannot have an Fp-rational point if k ∈ F×p is not
an e-th power. Conversely, as soon as k = κe with κ ∈ F×p , this curve has a component
C˜ : (
∏s
i=1 fi(X,Y )
νi/e) − κ = 0. Since gcd{ν1/e, . . . , νs/e} = 1 by definition, the polynomial∏s
i=1 fi(X,Y )
νi/e is not a proper power, and therefore C˜ is absolutely irreducible. For the proof
of the first assertion, the rest of the argument remains unchanged. For the second one, note that
the existence of a trivial specialization ensures that in the second step of the proof of Theorem
2.1, one may restrict (via Krasner’s lemma) to specializations in which all “bad” primes are
9In particular, since the non-reduced discriminant comes with a sign in general, one should include that sign
in the definition of N ′ and then add an archimedean condition, i.e., restrict specialization values to a certain open
real interval in order to preserve the sign.
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unramified, yielding N ′ = 1 in the third step. This means that the coset of ((Z/AZ)×)e occurring
in the first assertion can be chosen to be the coset of the identity. 
In the light of Theorem 5.4, the following analog of Conjecture 1.3 for non-reduced discrimi-
nants suggests itself:
Conjecture 5.5. Let G ≤ Sn be a transitive permutation group, and let e0 = gcd{ind(g) : g ∈
G \ {1}}. Given any prime p, not in some finite set S0 depending on G, and an integer k 6≡ 0
mod p, there exists a G-extension of Q whose discriminant ∆ fulfills ∆ ≡ ke0 mod p.
Theorem 5.4 then answers Conjecture 5.5 in the positive (conditional on abc), as long as G
occurs as the Galois group of a regular Galois extension E/Q(T ) satisfying the following two
conditions:
i) The gcd of indices of inertia group generators in E/Q(T ) equals e0, i.e., is smallest
possible.
ii) E/Q(T ) possesses a trivial specialization Et0 = Q.
Condition i) is fulfilled if E/Q(T ) contains every non-identity conjugacy class as a class of inertia
group generators; however, this very strong condition is usually far from necessary. E.g., for
degree-n extensions with group An, it is sufficient if E/Q(T ) has a branch point with inertia
group generated by a 3-cycle; such extensions are known to exist due to a famous construction
by Mestre (see e.g. [21, Chapter IV.5.4]). Theorem 5.4, together with the obvious fact that every
An-discriminant is a square, then yields that Conjecture 5.5 is true for G = An. The same holds
for G = Sn, with a similar, but easier construction (see, e.g., Lemma 5.1 in [11]).
6. Unconditional results
It may be desirable to have a variant of Theorem 2.1 which holds without assuming the abc-
conjecture, at the cost of certain extra conditions on the given function field extensions. This
is obtained by means of the following lemma, of which the special case G = C2 is once again
contained in [16] (Theorem 3).
Lemma 6.1. Let E/Q(T ) be a Q-regular Galois extension all of whose branch points have degree
at most 6 over Q. Then the assertions of Theorems 2.1i), 5.1, 5.2 and 5.4 hold, not conditional
on the abc-conjecture.
Proof. The following is known unconditionally (see [8] with some technical extra condition,
and [27] in full): If F (X,Y ) ∈ Z[X,Y ] is a binary form without repeated factors and with
no irreducible factor of degree > 6, and if A,B,M are positive integers such that no integer
square > 1 divides all values of F (MX + A,MY + B), then the set of (x0, y0) ∈ Z2 such that
F (Mx0 +A,My0 +B) is squarefree is infinite; more precisely, the cardinality of its intersection
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with {−n, . . . , n}2 is asymptotically bounded from below by cn2, for some positive constant c.10
The abc-conjecture was used in the proof of Theorem 2.1i) only to ensure that a certain poly-
nomial F (a1 + N
m(pX + a), b1 + N
m(pY + b)) (where the homogeneous polynomial F is the
product of minimal polynomials of the branch points), known by construction not to possess any
fixed square divisors, obtains squarefree values for a subset of the arguments which is of larger
order of growth then the “exceptional Hilbert set” (i.e., the set of specialization values which
change the Galois group). We may therefore replace the abc-conjecture by the above result, with
M = Nmp, A = a1 +N
ma and B = b1 +N
mb, to obtain the assertion. 
Many groups have realizations fulfilling the assumptions of Lemma 6.1, making the assertion
of Theorem 2.1i) true at least for some Q-regular G-extension.
Theorem 6.2. Let G be a direct product of finitely many factors, all of which are one of Sn, An
(n ≥ 3); PSL2(p) (where p ∈ P is such that
(
2
p
)
= −1 or
(
3
p
)
= −1); or any sporadic simple
group other than M23. Then there exists a Q-regular G-extension E/Q(T ) fulfilling the assertion
of Theorem 2.1, not conditional on the abc-conjecture. In particular, Conjecture 1.3 holds for G.
Proof. Firstly, we may obviously reduce to the case of a single factor, simply because the regular
inverse Galois problem is well-behaved under taking direct products. Then, for all the groups
given above, the rigidity method and certain extensions provide regular Galois extensions over Q
with either three or four branch points; and from the ramification data it is always obvious that
there exists at least one rational branch point (yielding conclusion ii) of Theorem 2.1). Indeed,
apart from the groupsM11 andM24, the realizations in [21] yield three-branch-point realizations
E/Q(T ) for either G itself or some group Γ containing G of index 2 (see in particular Theorem
I.7.9 and Section II.9 of [21] for the linear and sporadic groups respectively). In the latter case,
one deduces suitable G-realizations via standard arguments. We illustrate this with the case
G = An.
It is well-known that the polynomial Xn − T (nX − (n− 1)) defines a Q-regular Sn-extension
E/Q(T ) with three rational branch points (0, ∞ and 1) and with inertia groups generated by an
n-cycle, an (n− 1)-cycle and a transposition respectively. Since exactly two of the inertia group
generators lie outside of An (namely the transposition and one of the other two, depending on
whether n is even or odd), the quadratic extension EAn/Q(T ) is ramified at exactly two rational
points, and is therefore a rational function field, say Q(S). Then, E/Q(S) is an An-extension
ramified only over the points extending T 7→ 0 and T 7→ ∞ (which is a total of three points, one
of them rational, due to the ramification conditions in Q(S)/Q(T )).
Finally, for M11 and M24, Q-regular realizations with four branch points (including a rational
one) are given in [10] and [21, III.7.5] respectively. 
10In particular, this density result implies also that the quotient Mx0+A
My0+B
may be chosen of arbitrarily large
absolute value which is technically needed in Step 4 to control the sign of the values of F .
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7. On the set of exceptional primes
Next, we consider more closely the set S0 of exceptional primes in Conjecture 1.3. We do not
try to be exhaustive in this section, but rather to include examples which are interesting from a
group-theoretic or arithmetic-geometric point of view. In general, S0 cannot be expected to be
empty, since the trivial local obstructions 0 mod p for p /∈ P(G) may yield modulo-q conditions
for all prime divisors of the discriminant of a G-extension, where q is a prime divisor of |G|.
Since those obstructions only concern prime divisors of |G|, it may be expected that Conjecture
1.3 can be strengthened by adding the assumption S0 ⊂ {p ∈ P : |G| ≡ 0 mod p}. The
following result confirms this expectation for Galois groups of Belyi maps f : X → P1 defined
over Q (upon possibly adding the prime 7, which is however a divisor of |G| anyway for many
interesting groups). Recall that f is called a Belyi map if it is ramified exactly at 0, 1 and ∞.
Theorem 7.1. Let G be a finite group. Assume that there exists a Q-G cover f : X → P1 which
is a Belyi map and a “good model”11 over Q. Then Conjecture 1.3 holds (unconditionally) for G
with the exceptional set S0 chosen to be the set of prime divisors of 7|G|. (and one may restrict
to G-extensions arising as specializations of f).
Proof. Let the Q-regular Galois extension E/Q(T ) be the function field extension of f . Once
again, we need to make suitable modifications to the proof of Theorem 2.1. From the proof, the
only primes p that need to be exempted are those which are exceptional for the Specialization
Inertia Theorem, and the ones such that a certain curve F (X,Y ) − k = 0 does not have any
non-trivial Fp-points.
First, let us describe explicitly the former set of primes. Since E/Q(T ) is ramified exactly at
T 7→ 0, T 7→ 1 and T 7→ ∞, the polynomial F is actually XY (X − Y ). We may then make the
finite set S0 of exceptional primes for the Specialization Inertia Theorem explicit: all exceptional
primes p are either divisors of |G|, or are primes of “vertical ramification”, or ramified in the
residue field of some branch point, or such that two or more branch points coincide modulo
p (see, e.g., [18, Section 2.2.2]). With our assumptions, the last two cases obviously do not
occur, whereas the second one does not occur (outside the set of prime divisors of |G|) due to
the definition of a good model. This shows that the only exceptional primes that need to be
excluded due to the Specialization Inertia Theorem are the prime divisors of |G|.
Next, we deal with the second class of primes. These are the primes p not dividing |G|
for which the curve C : F (X,Y ) − k = 0 is either not absolutely irreducible over Fp or does
not possess non-trivial Fp-points. Note that the polynomial XY (X − Y ) has a fixed divisor 2,
whence, for the sake of preserving the general outline of the proof in Section 4, we use a linear
transformation to turn the branch points into T 7→ 0, T 7→ 2 and T 7→ ∞, which gets rid of
fixed divisors at the cost of making 2 a bad prime. Note also that due to our assumptions, 2
11See [1, Def. 2.2]. Instead of going into details of the definition of a good model, we note here that this is
automatically fulfilled if G has trivial center, and also (after a certain twist) if Z(G) is of exponent 2, see [1, Prop.
2.4].
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must divide |G|, since a Q-G-cover for an odd order group G cannot have a rational (or even
real) branch point, cf. [5, Corollary 1.3]. So consider the polynomial F = XY (X − 2Y ), which
for any p 6= 2 is a separable cubic polynomial modulo p. Note also that due to our assumptions,
2 divides |G|, since a Q-G-cover for an odd order group G cannot have a rational (or even real)
branch point, cf. [5, Corollary 1.3]. For p > 3, the curve C is then of genus 1, since its definition
yields a degree-3 cover C → P1, ramified (totally) over exactly three points (namely the points
corresponding to Z = 0 in the homogenized equation F (X,Y ) − kZ3 = 0. Since C is absolutely
irreducible for p 6 ||G|, Hasse’s bound then yields that C has at least p + 1 − 2√p Fp-points, of
which only three are trivial. For p ≥ 11, this yields non-trivial points, and in fact for p ∈ {3, 5},
non-trivial Fp-points (x : y : z) exist as well (e.g. with x = y 6= 0, since z 7→ z3 is then bijective
on F×p ). This shows altogether that all exceptional primes divide 7|G|, whence the assertion for
k 6= 0 mod p follows from Lemma 6.1. Finally, the case k ≡ 0 mod p follows from the existence
of a rational branch point, as in Theorem 2.1ii). 
Example 7.2. A purely group-theoretical way to obtain Belyi maps over Q is via the rigidity
method (see, e.g., Chapter I of [21]). A famous example concerns the sporadic Monster group
M . This group is known to fulfill all the assumptions of Theorem 7.1 due to Thompson ([25]),
and has order divisible by 7. Therefore Conjecture 1.3 holds (unconditionally) for M outside of
the prime divisors of |M |.
Example 7.3. The assumption of rational branch points in Theorem 7.1, implicit in the definition
of a Belyi map over Q, can be relaxed somewhat. For example, let G = An. The An-extension
occuring in the proof of Theorem 6.2 can be verified to be ramified (up to fractional linear
transformation) exactly at 0 and either ±
√
(−1)(n−1)/2n or ±
√
(−1)(n−2)/2(n− 1), depending
on whether n is odd or even (see also the appendix of [21] for the explicit corresponding An-
polynomial). The set of exceptional primes for the Specialization Inertia Theorem is then still
only the set of prime divisors of |G|. The rest of the proof of Theorem 7.1 goes through without
changes. In particular, for all n ≥ 7, Conjecture 1.3 holds for An, outside the set of primes ≤ n.12
In certain scenarios, we can do even better regarding the restriction of the set of exceptional
primes. As an example we deal with the case of polynomial maps P1 → P1, which is of importance
e.g. in arithmetic dynamics.
Theorem 7.4. Assume that the Q-regular G-extension E/Q(T ) is the Galois closure of a rational
function field extension Q(x)/Q(T ) corresponding to a degree-n polynomial map f : P1 → P1,
x 7→ q(x) with q ∈ Q[X ]. Assume that either the abc-conjecture holds, or q has at most 7 distinct
roots in Q. Then Conjecture 1.3 holds for G with exceptional set the prime divisors of n.
Proof. By assumption, E/Q(T ) is the splitting field of a degree-n polynomial q(X) − T ∈
Q(T )[X ], where q(X) is monic and integral without loss, via suitable scalings in X and T .
12A database search of An-extensions for small n quickly confirms that in fact the restriction n ≥ 7 is not
necessary.
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Let F (X,Y ) ∈ Z[X,Y ] be the homogeneous polynomial corresponding to the branch point locus
of E/Q(T ), as before.
Now fix a prime p not dividing n. To get rid of fixed prime divisors of F (X,Y ), we use
Lemma 4.1. Let N0 be as in that lemma, and set S := T · (pN0)n. Then E/Q(S) is the splitting
field of (pN0)
n · q( XpN0 )− S, and by Lemma 4.1, the ramification polynomial for this extension,
which we denote again by F (X,Y ), has no fixed divisors. Also note that the polynomial q˜(X) :=
(pN0)
n · q( XpN0 ) is still monic and integral, and with all except the leading coefficient divisible
by p. We fix a residue class k mod p, and as before want to find specializations of E/Q(S) with
reduced discriminant congruent to k mod p. If k ≡ 0 mod p, simply specialize S 7→ s0 of p-adic
valuation 1, which yields a p-Eisenstein polynomial. If k 6= 0 mod p, every specialization S 7→ s0
of p-adic valuation 0 leads to a separable polynomial f(X) − s0 modulo p, i.e., an extension
unramified at p (we have used here that p does not divide n). Since q˜(X) ≡ Xn mod p, all
finite branch points of E/Q(S) coincide with S 7→ 0 modulo p, so the modulo-p reduction of
F (X,Y ) equals XdY (for some d ∈ N). We then need to find non-trivial Fp-points on the curve
given by XdY − k = 0.13 This, however, is a rational genus-0 curve, and therefore automatically
has non-trivial Fp-points! We therefore obtain a mod-p congruence condition for specialization
values s0 = (x0 : y0), and we can add another congruence condition (as in Step 2 in Section 4)
in order to control the ramification behaviour at bad primes other than p. Using once again the
abc-conjecture, we find many squarefree values of F under the above congruence conditions; and
unconditionally for q with at most 7 distinct roots (as in Lemma 6.1), since by the Riemann-
Hurwitz formula E/Q(S) can then have at most 6 branch points other than the rational branch
points at S 7→ ∞ and (possibly) S 7→ 0. This concludes the proof. 
Remark 7.5. The structure of the Galois group of a polynomial map as in Theorem 7.4 is
somewhat restricted. In particular, in the case of indecomposable polynomials, a full classification
of all possibilities was obtained by Mu¨ller in [22]. Nevertheless, in the decomposable case,
interesting classes of groups, such as iterated wreath products of symmetric groups, occur.
Remark 7.6. It is an easy exercise to verify that the conclusion of Theorem 7.4 remains true
when the polynomial q(X) is replaced by a rational function of the form q(X)X , the exceptional
set {p ∈ P : p|n} is replaced by {p ∈ P : p|n− 1}, and the maximal number of distinct roots of q
in the unconditional case is replaced by 6.14
We end with an example where we can completely get rid of exceptional primes.
Example 7.7. Let n ≥ 3, and let E/Q(T ) be the splitting field of the trinomial Xn + TX + T .
This is Q-regular with Galois group Sn, see the proof of Theorem 6.2. Furthermore E/Q(T ) is
the splitting field of both a polynomial of the form q(X)−T and one of the form q˜(X)−TX , with
q, q˜ ∈ Q[X ], via linear transformations (this can also be seen from the ramification data, since
13Note that the inseparability of F mod p means that p is a bad prime! This is however not a problem here,
since we have controlled the behaviour at p via an explicit polynomial.
14The only relevant change in the proof concerns generation of extensions ramified at p; here the Eisenstein
argument should be replaced with a generalization involving Newton polygons.
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the ramification type is of genus 0, containing both an n-cycle and an n−1-cycle). It then follows
from Theorem 7.4 and Remark 7.6 that Conjecture 1.3 holds for Sn with no exceptional primes,
and one may even restrict to trinomial extensions. Note also that this result is unconditional,
since E/Q(T ) has only three branch points.
Acknowledgement: I would like to thank David Krumm and Franc¸ois Legrand, as well as
the anonymous referee for helpful comments and suggestions.
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